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Explicit forms for ergodicity coefficients are known in the cases when the I,-norm or the &,-norm 
are used [ 1],{2]. The purpose of this paper is the calculation of the maximal value of the ergodicity 
coefficient for an arbitrary vector norm. Connections between the maxima1 value of ergodicity 
coefficients and the extremal points of the set of stochastic matrices are used (Theorem 1). On 
this basis the maximal values are calculated for all Iq-norms. 
coefficienis of ergodicity * stochastic matrices * extremal points * convex functionals 
1. Introduction 
Let S, be the set of the n x n stochastic matrices. The coefficient of ergodicity r 
with respect o a vector norm 11 l 11 on R” is defined as 
7(P)= sUP llxpll (PEsn) 
Ilxll=f,xl=O 
(see Seneta [11). The coefficients of ergodicity are available for the investigation of 
the asymptotic behaviour of Markov chains; on the other hand the value of q-(P) 
is a bound on all non-unit eigenvalues of P. 
We denote the coefficient of ergodicity corresponding to the @arm by q(P), 
where q 2 1. The coefficient q(P) is the well-known &coefficient which can be 
defined by 
when P = (fhj)i,j=1,2,...,n* Clearly, m=hs, q(P) = 1. Tan [2] has given a functional 
form for T-(P) in terms of the attributes of P from which one easily obtains 
FE:x %(P) = 
$2 if n is even, 
” $(n-1) if n is odd. 
For general r(B) or only for the q(P) wit # 1, q # 00 functional forms are not 
known. Therefore it is interesting at least to know the maximal value for these 
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ergodicity coefficients. In our paper we give a theorem for the maximal value of 
the ergodicity coefficient with respect o an arbitrary vector norm using the extremal 
points of S, and we calculate maxp+ T~ (P) for all q > 1. Further, we demonstrate 
that the inequality T(P) s 
of vector norms (Remark 
1 holds for all doubly stochastic matrices for a large class 
I). 
2. The maximal value for 7 and the extremal 
We put S={XER”: /x11=1} and H={x~R”:xl=0} with l=(l,l,...,l)~R”. 
Then, the coefficient of ergodicity r can be written as 
T(P) = SUP llxql u-s,). 
xESnH 
The equation 
IlxPli 
holds. The set S,, is a convex compact subset of R”’ and following the convex huii 
of its extremal points. Let Extr S,, be the set of all extremal points of Sn. Since the 
functionals fx (x E S n H) defined by 
f,(P) = Wll WE SJ 
are convex, the equation 
max /xQll 
QE Extr S, 
(xES~N) 
follows. Thus, we obtain 
A stochastic matrix Q 5 S, belongs to Extr S, iff Q has “1” as an element in each 
of its rows. Therefore, the stochastic matrix Q = ( qU) E S, is an extremal point of S, 
ifl there exicts n sets A,, AZ, . . . , A, such that the following conditions hold: 
(i) {1,2, . s . , n}=AlvA2u- WA,. 
(ii) AinAj=f9 (i#j;i,j=l,& . . . . n)- 
(iii) For each j = 1,2,. . . , n we have qii = 1 ifi i E Ajm 
It follows that 
x = c xi9 C xi9 l -* 9 C xi (XE R”). 
iGA, ieAz iez A, 
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max ’ c Xi,***, 
ieA, 
where A denotes the set of all d~cornpsitions (A,, &, . . . , A,) of { 1,2, . . . , n} 
satisfying the conditions (i), (ii). 
Remark 1. A vector norm ]I l II is said to be symmetric iff 
II< Xl, E~.,Xn~ll=ll~~~~~~,~.~,Xa~n~~ll forall h,...,~,kR” 
and aii permutations CT of the symmetric group ‘yn; thus, the &-norms are symmetric 
for l<qGW. 
If T is a coeficient of ergodicity with respect o a symmetric vector norm, then 
for doubly stochastic matrices the inequality T(P) s 1 holds. 
Proof. This assertion follows analogously to Theorem 1, if it is taken into consider- 
ation that each doubly stochastic matrix is a convex combination of permutation 
m&A:na rrrClliiY%Ui 
Remark 2. Theorem 1 directly implies the well-known relation maxpEs, rl( P) = 1. 
For the I, -norm II l II and Q E Extr S,, we have 
llxQll =jI 1 iL_ xi 1 4j1 J 
iL lxil = llxll 
i 
such that maxPEs, T*(P) s 1 follows. On the other hand, T~( I) = 1 for the unit 
matrix I. 
Remark 3. For the &norm II l II Theorem 1 implies 
IlJQll =maxI C xi (QE Extr S,) 
i iEAj 
so that the equation 
d Fl$X r*(P) = b 
fn if n is even, 
n I$( n - 1) if TI is odd, 
follows. 
For e calculation of axp6,z 7,W is ore an for q= 1 or 
q = 00. Since the inequality (a + b) q~aq+6q (a,bM;q>l) holds, Theorem 1 
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where 
A,={x:x,,xz,. .,x+O;x,+, ,..., x,sO}, Z=l,...,n-1. 
eorem 2. Let 16 1 < n. Then the functional f( l ,I) defined by 
f(x, I)=2l’9(x,+x*+* -+x1) (x&nHnA,) 
assumes its maximum at Q point of the set 
{x&nHnA,: x,=x2=. . •=x~;x~+,=x~+~=~ l 0=x,,}. 
roof. There exists an 
xW = (x((1) x(a) 
f 9 2 3*-*3 x~‘)dhdfnAl 
with 
xEg$JcA,fb9 I)=f(x'"', 0. 
Let x(1’), xy), . . . , x, (” be numbers defined by the equations 
(oLxyL.. .=.Io’=1 
Xl l (xl”‘+xy+ l ’ l +xJaQ, 
x~~l=xI+2=’ l l =x, (0) (0) =‘(x;y;+* l l +xf’). 
n-l 
Clearly, x(O) = (x(O) 1 , . . . , xi”) E H n Al. The Hiilder inequality implies the two 
inequalities 
( 
x’,“‘+x:“‘+*. .+xy 9 
1 j 
IS lxl”qq + l l l + 1xyy, 
so that we have 
llX’“‘119 = iX’,“‘19 + l l * f IX’,“‘l” S 1. 
enoting c = ~~x’~‘~~ and XI(‘) = x(O)/ c we have x1(‘) ES n H n A, and 
f( XI(O), I)= c-'f( x(O), I = c-lf(P, I)> f(x(@, I). 
uaiiiy f($‘), I) sZ f ( da), I) holds, so that 
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3. For q > 1 the following equation holds: 
I/ \ n 
l-l/9 
- 
I 
121 
if n is euen, 
Fey T9(P) = 
” 11 
I-l/9 
) ( 
2 119 
1\2 (n+l)1-9+(n-1)‘-9 
if p ’ Ddd. 
koaf. By Theorem 1 we have 
On the other hand Theorem 2 implies 
max 
XESITH~A~ 
f(x, I) = 21/q l l l x1 
x130 and Zxy+(n-l) 
19x7 
(n-l)4 
= 1 hold 
such that 
max 
xeSnHnA1 
f(+l)=(~~(~_~~,_9)1’9 (i=I,...,n-l). 
The last function assumes its maximum for I = n/2 if n is even and for I = (n T 1)/2 
if n is odd. Thus, the assertion follows. Remark 4. Clearly, the formula of Theorem 
3 is also true for q = 1. For q + 00 the formula yields maxpEs,, TJ P). 
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